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geometric tool we prove the generalization of Rashevsky-Chow theorem for 
C 1 -smooth vector fields. The main result of the paper extends theorems on 
approximate differentiability proved by Stepanoff (1923, 1925) and Whitney 
(1951) in Euclidean spaces and by Vodopyanov (2000) on Carnot groups. 
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Introduction 

In 1919 Rademacher proved a theorem that is the well-known result of the 
theory of functions of real variable. 

Theorem 0.1 (|RJ). If U is an open subset in W 1 and IR m is a 

Lipschitz mapping then f is differentiable at almost all points of the set U . 

The result permits many enhancements and generalizations. The most 
natural is to have an arbitrary measurable set as the domain of the function 
together with a weaker assumption on the function. Such a result is the 
Stepanoff theorem: 

Theorem 0.2 ([SI]). If A C W 1 is a measurable set and the function f : 
U — > M m satisfies the condition 

\f( x \ _ /( a )| 

lim ; ; < oo at every point a £ A, (0.1) 

| a; — a\ 

then f is differentiable at almost all points of the set A. 

The density of a measurable set 7 C R" at a point i e 1" is a limit 

n n (Y n B(x,r)) 

lim ; ; rr , 

r^+o U n {B{x,r)) ' 
in case it exists (here W 1 is n-dimensional Hausdorff measure). 



Approximate differentiability 



3 



It is known that almost all points of a measurable set Y are the density 
points (i. e. the density of the set is 1 at those points) and almost all points 
of the set M n \ Y are the points of the density 0. 

A value y £ M. m is called the approximate limit of a function / : E C 
W 1 — > M' m at a density point x £ E (denoted by y = ap lim f(x)) if the 

X— ¥Xq 

set \ f~ x {W) have the density at the point Xq for every neighborhood 
W C M m of the point y. The approximate limit is unique [F]. 

The idea of the approximate limit is tightly connected with the funda- 
mental notion of the geometric measure theory: the notion of measurability. 
Precisely, for a mapping of the Euclidean spaces to be measurable, it is nec- 
essary and sufficient to be approximately continuous almost everywhere (see, 
for instance, jF]). 

f( x _|_ tv) - fix) 

If we consider the convergence of the relation to the 

6 t 
value L(v) of a linear mapping L : W l — > K m in different topologies of the 

unit ball B(0, 1) C M n then we proceed to different notions of differentiability. 

The convergence to L in the uniform topology C (-6(0, 1)) gives us the classical 

differentiability. The convergence to L by measure gives just the notion of 

approximate differentiability of the Euclidean spaces, see for instance |Rej . 

With the approximate differential introduced by Stepanoff, the following 

result was obtained in his work: 

Theorem 0.3 ([S2]). The function is approximately dijferentiable almost 
everywhere if and only if it has approximate derivatives with respect to each 
variable almost everywhere. 

It worth noting that if a mapping has a classical differential then it has an 
approximate one and these differentials coincide. Therefore, the approximate 
differential generalizes the concept of the classical differentiability. 

With use of the approximate differential Theorem 10.21 can be further ex- 
tended in the following direction. For doing this we apply a result of jF] : 

Theorem 0.4. If A C W 1 , f : A R m and 

1/(2;) _ f( a \\ 

ap lim j j < oo for every point a £ A, (0.2) 

x-+a \x — a\ 

then A is a union of the disjoint sequence of the measurable sets A^ and a 
set of measure zero such that every restriction /|^ is a Lipschitz mapping. 

Hence, for a function / meeting the condition fl0.2p . by Theorem l0.ll we 
have every restriction being differentiate almost everywhere in Ai. The 
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density points for the set Ai also are the density points for the set A. There- 
fore, one can conclude that the mapping / is approximately differentiable 
almost everywhere in A. 

The condition ( 10. 2 j) is the weakest because it obviously holds for the 
approximately differentiable function. 

The final representation of the theorem is how it was stated by Whitney 

Theorem 0.5 ([W]). Let the set P G W 1 be measurable and bounded, f : 
P M m be a measurable function. The following conditions are equivalent: 

1) the mapping f is approximately differentiable almost everywhere in P; 

2) the mapping f has approximate derivatives with respect to each variable 
almost everywhere in P; 

3) there is a countable family of the disjoint sets Q\,Q%,--- such that 

oo 

\P \ (J Qi\ — and every restriction f\Q i is a Lipschitz mapping; 
i=i 

4) for every e > 0, there are a closed set Q C P such that \P\Q\ < e 
and a C 1 -smooth mapping g : P — >■ M m such that g = f in Q. 

An appropriate concept of differentiability for mappings of Carnot groups 
was introduced by P. Pansu in [Pj. Now it is called the "P-differentiability. 
It was introduced for some results of the theory of quasiconformal mappings 
to establish [0 IKR] . Some classes of "P-differentiable mappings of Carnot 
groups were described in [VUlt W3\ IMa] with a purpose to obtain some for- 
mulas of geometric measure theory and some crucial results of quasiconformal 
analysis [EQ IVTJ21 IV2l IV4l IWl IFa] . 

Later, in [V5[ IKV] concept of P-differentiability was extended for map- 
pings of Carnot-Caratheodory spaces for proving Rademacher and Stepanoff 
type theorems. 

In this work we obtain a partial generalization of Theorem 10.51 to map- 
pings of Carnot-Caratheodory spaces. 

Theorem 0.6. Let Ai, Ai be Carnot-Caratheodory spaces, E C Ai be a 
measurable subset of Ai and f : E — > Ai be a measurable mapping. The 
following conditions are equivalent: 

1) the mapping f is approximately differentiable almost everywhere in E; 

2) the mapping f has approximate derivatives along the basic horizontal 
vector fields almost everywhere in E; 

oo 

3) there is a sequence of the disjoint sets Qi, Q2, ■ ■ ■ such that \E\ [J Qi\ = 

8=1 

and every restriction is a Lipschitz mapping. 

A proof of Theorem 10.61 is a significant modification of the arguments of 
the work |V3j where the similar result was proved for mappings of Carnot 
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groups. In the proof we essentially use metric properties of the initial and 
nilpotentized vector fields discovered in [KV[ IK1[ IK2[ IGrj . 

1 Geometry of Carnot-Caratheodory spaces 

We split our work in four sections. In the first one we give the basic notions 
and structures concerning Carnot-Caratheodory spaces. In Subsections 11.21 
and ll.4l we have a look at different ways of specifying a metric and coordinate 
system in the Carnot-Caratheodory spaces. In Subsection 11.51 we build a 
special coordinate system of the second kind based on the compositions of 
the integral lines of the horizontal vector fields. As the consequence of this 
result we obtain Chow-Rashevsky theorem for C 1 -smooth vector fields. We 
formulate also local approximation theorem for Carnot-Caratheodory metric. 

In Section[2]we introduce definitions of measure, approximate limit, differ- 
entiability and approximate differentiability and formulate necessary results 
obtained earlier. 

The third section is devoted to the proof of the theorem on approximate 
differentiability. We state the theorem and show trivial implications. Then 
we formulate the key step of the theorem. Main steps of its proof are carried 
out in separate lemmas. In this proof we make use of special coordinate 
system of the 2nd kind (ai, . . . ,a N ) h> § n ((In) o ■ ■ ■ o $i(ai) constructed 
in Subsection 11.51 First, in Subsection 13.11 we show that function having 
approximate derivatives along the basic horizontal vector fields has approxi- 
mate derivatives along the vector fields Y^it) which generate the coordinate 
functions $fc(i) = exp(Y k (t)). In the next subsection with use of this co- 
ordinate system we build a mapping of local Carnot groups and study its 
properties. Finally, in Subsection 13.31 we prove that this mapping is really 
the differential of the initial mapping. 

As an application of our results, in the last section we prove an area 
formula for approximately different iable mappings. 

1.1 Carnot-Caratheodory spaces 

Recall the definition of Carnot-Caratheodory space satisfying the condition 
of the equiregularity ((GJ INSWj IKVj ). Fix a connected Riemannian C°°- 
manifold At of topological dimension N. The manifold At is called a Carnot- 
Caratheodory space if the tangent bundle TAi has a filtration 

HM = HiM C • - • C HM c • ■ ■ c H M M = TAi 
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by subbundles such that every point g G Ai has a neighborhood U(g) C Ai 
equipped with a collection of C 1 -smooth vector fields X\, . . . , X N , constitut- 
ing a basis of T V M. in every point v G U(g) and meeting the following two 
properties. For every v G U(g), 

(1) HiAi(v) = Hi(v) = span{Xi(t>), . . . , XaimHi(v)} is a subspace of T V M. 
of a constant dimension dim if ;, z = 1, . . . , M; 

(2) H j+1 = span{Hj, [H u Hj], [H 2 , Hj-t], . . . , [f/fc, iT i+ i_ fc ]} where k = 
L^J, j = l,...,M-l. 

The subbundle HA4 is called horizontal. 

The number M is called the depth of the manifold M. . 

The degree degX fc is defined as min{m | X k G H m }. 

Remark 1.1. The condition (2) implies that we have the following "com- 
mutator table" : 

[X i ,X j ](v)= Yl c ljk (v)X k (v). (1.1) 

k : deg X^< deg X{ +deg Xj 

Note, that (II. ip is weaker than condition (2) as it just implies [if;, if,] C H i+ j. 
1.2 The coordinates of the 1st kind 

In the sequel we denote by B e (a,r) an open Euclidean ball centered at the 
point a G M N and with a radius r. From the theorems on smooth dependence 
of solutions of ordinary differential equations on a parameter it follows (see 
e. g. P3) that the mapping 

N 

9 g : (xi, ...,x N )-> exp^T^XiXijig), 6 g (0) = 9 g (0, . . . , 0) = g, 

i=i 

is a C 1 -smooth diffeomorphism of a ball -B e (0, e s ) in ~R N , where e g is a positive 
number small enough, into the neighborhood O g of the point g G A4. 

The collection of numbers {£«}, i = 1,...,N, where (xi, . . . , xn) = 
9~ 1 u G B e (0,e g ), is called the coordinates of the 1st kind of the point u = 

,N v 

expl J2 x i x i){g)- 

The neighborhood U(go) of the point go can be chosen so that U(go) C 
P| O g . Then for every couple of points u,g G t/(<?o) there is the unique 

9&U(g ) 

,N \ 

tuple of numbers (yi, ■ ■ ■ ,Un) such, that w = exp ( ^ y%Xi \ (g). For every 
couple of points u and g define the non-negative quantity 
d^u, g) = maxfls/il 1 /*** :/ 1 V}. 
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An open ball in quasidistance of radius r with center in g G M. we 
denote as Box(g,r). 

1.3 Local geometry of Carnot— Caratheodory spaces 

Using the normal coordinates 6*" 1 , define the dilation A§ : B(g,r) — >■ B(g,er), 

,N x 

< r < r 5 : to an element a; = exp( XjX; ) (g) we assign 

AT 

Afx = exp(^x l e dc s^X i )(( 7 ) 

i=l 

in the case when the right-hand size makes sense. The following theorem 
generalizes a result established under additional smoothness of vector fields 
in [M51IKS1IG]. 

Theorem 1.2. Let g be a point in the Carnot-Caratheodory space M.. The 
following statements hold: 
(1) Coefficients 




Cijk (flO , if deg X t + deg X j = deg X k ; 
otherwise] 



where Cy&(-) are the functions from the commutator table ( jl.ip . define the 
structure of nilpotent graded Lie algebra on T g M.. 

(2) There are vector fields {Xf} with the initial conditions Xf(g) = Xi(g), 
i — 1, . . . , N, taking place in Box(g, r g ) that constitute a basis of the nilpotent 
graded Lie algebra V(g) with the following "commutator table": 

N 

[xi x°] = £ c l3k X{ = aMxl (1-2) 

k \ deg Xfr =deg X; +deg Xj 

(3) For x G Box(g, r g ) consider the vector fields 

Xf{x) = (Af_ x ),e d «« x 'X i (Afz) > i = l,...,N. 
Then the following equality holds 

N 

Xf(x) = X?(x) ■ £r, ;; (,-).Vj(,-) (1.3) 

0=1 
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where a^x) = ( £ max {o. dc s*j- dc g^}) in x £ Box(g,r g ) as e -)■ 0. 

Moreover, given a compact set K. C M. there exists r > such that the 
relation (11.31) holds for all g G K, with x G Box(g, r) and o(-) zs uniform in g 
belonging to /C as e — )■ 0. 

The first statement of theorem is proved in |KVj . The second follows 
from the classical Lie theorem (LTJ, IPos] . The third statement is obtained in 
[K2j for C 1,Q -smooth vector fields and in |Gr| for C 1 -smooth vector fields. 

The equality (II. 3p implies Gromov's nilpotentization theorem with re- 
spect to the coordinates of the first kind. Notice that for the first time it was 
formulated in [G] p. 130] in the coordinates of the second kind. 

Theorem 1.3 ( |K2} IGrj ). The uniform convergence Xf — > Xf as e — >■ ; 
i = 1, . . . , N, holds at the points ofBox(g, r g ) and this convergence is uniform 
in g belonging to some compact neighborhood. 

The Lie algebra from Theorem 11.21 can be constructed as a graded nilpo- 
tent Lie algebra V of vector fields (X?)' in ~R N , j = 1, . . . , N, such that 

the exponential mapping (x±, . . . , xn) ^ exp( ^ x^X?)' ) (0) equals identity 



The connected simply connected Lie group G g A4 with the nilpotent 
graded Lie algebra V is called the nilpotent tangent cone of the Carnot- 
Caratheodory space M. at the point g £ M. The condition (2) from the 
definition of Carnot-Caratheodory space provides that G 9 .M is a Carnot 
group, i. e. if we denote Vk = span{Xf : degXj = k} then 



By means of the exponential map we can push-forward the vector fields 



To the Carnot group G g A4 there corresponds a local Carnot group Q 9 with 
the nilpotent Lie algebra with the basic vector fields Xf, . . . ,X 9 N . Define it 
so that the mapping 6 g is a local group isomorphism between some neighbor- 
hoods of the identity elements of the groups G g A4 and Q 9 . The group opera- 



tion for the elements x = exp ( ^2 x iXf ) (g) G Q 9 and y = exp ( ^ ViXf ) (g) G 



V = V l ®V 2 ®---®V M , [V l ,V k ] = V k+l , k = l, 

[Vt,V M } = {0}. 



...,M-1, 
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Q 9 is defined by means of local group isomorphism: 

N N 

x-y = exp ViXf \ ° exp x i^f) (#) 

i=l ' i=l 

TV JV 

= 0, o exp (J2 y*(X g )[) o exp x.(X^) (0). 

i=l i=l 

Define the one-parameter dilation group Sf on Q 9 \ 
( N ~ \ 

to the element x = exp( %iXf ) (g) G C? 9 , there corresponds 

h=i ' 

N 

6?x = exp(j2^t deeX *X?)(g) ^0 9 , te (0,t(x)). 
i=i 

The relation Sfx ■ 5 9 x = 5f T x is defined for t, r such that t, r, tr G (0, t(sc)). 

We extend the definition of Sf on the negative t, setting Sfx = S^x' 1 ) 
for t < 0. 

Since the local Carnot group Q 9 itself is a Carnot-Caratheodory space 
with the collection of vector fields {-XJ}, it is endowed with the quasidistance 

Throughout the paper we use the following properties. 

Property 1.4 ( |K V] ) . Geometric properties of the local Carnot group: 

(1) The mapping 5f is a group automorphism: for all elements x,y G Q 9 
and numbers t G (0, mm{t(x),t(y),t(x ■ y)}) we have Sfx ■ 5fy = 6f (x ■ y). 

(2) The function Q 9 3 x — > d 9 OQ {g,x) is a local homogeneous norm on Q 9 , 
i. e., it meets the following conditions: 

(a) d^g, x) > for x G Q 9 and d^g, x) = if and only if x = g; 

(b) d^g^ix) = td^g.x) for every t G (0,t(x)); 

(c) d^g.x- y) < Q 1 (d 9 00 (g,x) + d^g.y)) for all x, y, x-y G Q 9 . The 
constant Q\ is bounded with respect to g in some compact set in M.. 

(3) The quantity d^a^b) = d 9 00 {g^b~ 1 - a) is a left invariant distance on 
Q 9 \ dP^ix ■ a, x ■ b) = d^a, b) for all a, b, x G Q 9 for which the left- and 
right-hand sides of the equality make sense. 

Property 1.5 ([KVj). Let g G M. Then 

N N 

exp a i X i) (9) = exp a i^i) (9) 
i=i i=i 

for all |dj| < r g , i = 1, . . . , N. 
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Observe, that the latter implies d^g.x) = <i 00 (^,x). 

Proposition 1.6 ( jKVllKVT] ). The quantity 4o is a quasimetric in the sense 
of [NSW] that is the following relations hold for all points of the neighborhood 
U(g ): 

1) dooi^u, g) > 0, dooiu, g) — if and only ifu — g; 

2) G?oo(«,#) = doo(fiSM); 

3) there is a constant Q > 1 such that, for every triple of points u, w, 
v G U(g ), we have 

dco{u, v) < Q(d 00 (u, w) + d^w, v)). 

An essential difference between the geometry of a sub-Riemannian space 
and the geometry of a Riemannian space is that the metrics of the initial space 
and of the nilpotent tangent cone are not bi-Lipschitz equivalent. Therefore, 
in studying the questions of the local behavior of the geometric objects, it is 
important to know estimates of the deviation of one metric from another. 

Theorem 1.7 QKVR Theorem 8]). Assume that g, wo G U(go) satisfy 
doo(g, wq) = Ce. For a fixed L G N, consider the points 

N N 

= exp (J2 " !; V '.Yj) (w^), w) = exp /r, ; . ' M v < .Y ; ) (w^), 

i=l i=l 

Wq = Wq = wo, j = 1, . . . , L. Then 

maxjc^tw!, w £ L ), d^wi, w e L )} = o(e) as e ->■ 0, 

where o(e) is uniform in g, Wq G U (go) and {wij}, i = 1, . . . , iV ; j = 1, . . . , L, 
in some compact neighborhood of and e > 0. 

Theorem 1.8 ( |KVll Theorem 6]). Consider points g G Ai and u, v G 

Box(g,e), where e G (0,r 9 ). Then 

|d^o(u, v ) — doo(u, v)\ = o(e) as e — > 0, 

where o(e) is uniform in u, v G Box(g, e) and g belonging to some compact 
set. 

1.4 The coordinates of the 2nd kind 

In the neighborhood of a point go consider the same family of the basic vector 
fields {Xi, . . . , XdimHu -^dimfli+i, ■ ■ ■ , Xjy} as in definition of the coordinates 
of the first kind. It is known that the mapping 

(a x , ...,a N )h^ exp(a N X N ) o • • • o exp(aiX 1 )(g) (1.4) 
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is a C 1 -diffeomorphism of some neighborhood B e (0,e) C M. N to a neighbor- 
hood V(g) of g (so called coordinates of the second kind). Similarly to the 
case of the coordinates of the first kind we can choose a neighborhood U(go) 
such that U(g ) C f| V(g). 

9&U(g ) 

For the points u,g G U(g ), u = exp(a^X N ) o ••• o exp(aiX 1 )(g), by 
means of the coordinates of the 2nd kind we can define a quantity 

d 2 (u,g) = max{|a i | 1/degX ' : i = 1, . . . , N}. 

Next we show that the quantity d 2 (u,g) is comparable with the quasimetric 
doo{u,g) in a neighborhood U(g ) i. e. 

cxdoo(u,g) < d 2 (u,g) < c 2 d 00 (u,g) (1.5) 

for all points u, g G U(g ) and positive constants c\ and c 2 independent of 
u, g G E% )- 

Remark 1.9. For Car not groups the equivalence of doc and d 2 is known 
(see, for instance, [FS] ). This means that if d 9 ^ and are quasimetrics in 
the local Carnot group Q 9 , g G M, then there are constants cf and cf such 
that 

c?d»,(«,v) < <%(u,v) < 4dl(u,v) (1.6) 

for all 11,1)6 (? 9 . 

Proposition 1.10. There are constants C\ andc 2 such that inequalities (II. 5p 
hold for all points u, g in some neighborhood U(go) in which quasimetrics doo 
and d 2 are defined. 

Proof. Let u, g G U(g ) be arbitrary points and d 2 (u,g) = r. Assuming that 
Vo = g, Vi = exp(aiXt)(y ), • • • ,Vn = exp(a N X N )(y N _ 1 ) from the general- 
ized triangle inequality (see Proposition ll.6p we have the following relations 

N 

doo(u,g) < Q^^^dooiy^yk-i)) 
i=i 

N 

^Q^^kl 3 ^) <NQ N - 1 r = NQ N ~ 1 d 2 (u J g). (1.7) 
i=i 

Thus the left inequality in (jl.5p is proved with c\ = (NQ 1 ^^ 1 )^ 1 . 

Next, suggest that the right inequality in ( II. 5p does not hold in some 
closed ball Box(g , 2r ). Then there are sequences of points x n , y n G Box(g , ?~o) 
converging to the same point x G Box(g , ro), such that 

e n = d 2 (x n ,y n ) > nd^x^yn), 
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where e n — > as n — > oo (otherwise the right inequality in ( Jl,5p would be 
fulfilled in Box(g , r )). Define on Box(g , r ) dilations Df and Df as follows: 
to an element x = exp(xNX^) o • • • o exp(xiXx)(g) G Box(g , ^o) assign 

T) 9 t x = exp{x N t degXN X N ) o • ■ ■ o exp(xitXi)^) 

and to an element x = exp(xNX^) o • • - o exp(xiXf )(p) G Box(g , r ) fl C? 9 
assign 

$> 9 t x = exp(x N t degXN X 9 N ) o ■ ■ ■ o exp(xitXf)(^). 
Observe that d<2(g,Q 9 x) = td 2 (g,x) and d^(g,D 9 x) = td 9 (g,x). Let 



< 5 = sup{t > : D 9 x, Dfx G Box(g , 2r ) for all x, g G Box(g , r )}. 
Then 2>^ 6n y„ G Bo^(^ , 2r ) and 

d 2 (x n , ®^ en y n ) = —d*(x n , y n ) = 5> 0. (1.8) 

Represent y n in coordinates of the 2nd kind as y n = exp(y nN X N ) o • • • o 
exp(y„iXi)(x n ) and define 

z n = exp(y nN X 9 N ) o • ■ ■ o exp(y nl X 9 )(x n ). 

Since d^x^y^ = d^(x n ,y n ) < ^, from ((HBJ) it follows 

d x 2 n (x n ,y n ) < c x 2 n d x ^(x n ,y n ) < c x 2 n — = o(- 

n \n 



where O(-) is uniform in Box(go, ">"o)- This means that in the representation 

y n = exp(v nN X 9 N ) o • • • o exp(v n xXf)(x n ) 

the coordinates Vj meet the property \v n j\ degXj = O(-). Then we can ap- 
ply Theorem 11.71 to points y n and z n and derive that d^(y n ,z n ) = o(-). 
Consequently 

d%(x n ,z n ) < C(d%(x n ,y n ) + d%(y n ,z n )) = o(^) +o(^) = o(^). 

From Theorem O it also follows ^(SjLj/n^j/'^n) = o(£). There- 
fore, 

t£ B (a;„,2>^ n 2/„) < C 1 (df"(a;„, S^ £n ^) + ^ n (^; e „^,®^ EB 2/n)) 

5 „ 



C 2 (-d%{x n , Zn) + C(%„^, KT/eJn, 

^ C n 



0( -) + o( -) = 0( - ) -»■ as n -»■ oo, 
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where C\, C 2 < oo are bounded, all O(-) are uniform in Box(g ,r ). 

Hence we come to a contradiction with fll.Sp . and, therefore, the right 
inequality in (ll.5p is proved. □ 

Corollary 1.11. The quantity d 2 is a quasimetric in the sense of |NSWj . 
i. e. the following conditions hold for the points of the neighborhood U(g ): 

1) d2{u,g) > 0, d 2 (u,g) = if and only if u = g; 

2) d 2 (u,g) < c^ 1 c 2 d 2 (g , u) , where the constants c\ and c 2 are the ones from 
the proposition M . 1(A 

3) there is a constant Q 2 > 1 such that for every triple of the points u, w, 
v G U(g ) we have 

d 2 (u, v) < Q 2 (d 2 (u, w) + d 2 (w, v)), 

where Q 2 = Ci 1 c 2 Q and Q is a constant from the generalized triangle inequal- 
ity for doo; 

(4) d 2 (u,v) is continuous with respect to the first variable. 

Proof. Prove for example the second property: d 2 (u,g) < c-id^u^g) = 
C2doo(g,u) < C\ l c 2 d 2 (g, u). The third property can be proved using the 
same procedure. The last property follows from the continuous dependence 
of solutions of ODE on the initial data. □ 



1.5 Special coordinate system of the 2nd kind and 
Rashevsky— Chow Theorem 

The goal of this section is to modify the coordinate system of the 2nd kind 

(ti, ...,t N )v+ eiq>(t N X N ) o • • • o exp(t 1 X 1 )(g) 

in the following way. We prove that exponents of nonhorizontal vector fields 
Xk, k = dimifi + 1, . . . , N, can be replaced by compositions of exponents 
of horizontal vector fields Xi , . . . , X^ m ^ and the resulting mapping still 
covers a neighborhood of g. For Carnot groups this property is known as the 
following statement. 

Lemma 1.12 QFSJ). Let G = (R N , •) be a Carnot group and let vector fields 
Yi, . . . , Y n be the basis of horizontal subspace V\ of its Lie algebra. Then every 
point v £ G can be represented as 

L 

v = JJexp(a fc F ife )(0) 

k=l 

where 1 < i}~ < n, \a^\ < Ci||t> Hoc, constants L and c\ are independent of v. 
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Lemma 1.13. Fix g G M.. There exists mapping $ g : B e (0,e) — > Q 9 defined 
as 

$ g : (ti, . . . , t/v) ^ $iv(*iv) O • ■ • O $dimi?i+l(*dimi?i+l) 

oexp(X d s im ^)o...oexp(Xf)(^) (1.9) 

£/iat a homeomorphism of a ball B e (0,e) onto the neighborhood V(g) C Q 9 
of a point g with the mappings Q k enjoying 



**(*)(■ 



exp(a L:k tX g L k ) o ■ ■ • o exp(a 1)fc tXf fc )(-), t > 0, 
exp(a hk tX 9 k ) o • • ■ o exp(a L)fc tX£ fc )(-), i < 0, 



where \at )k \ < ci /or a// k = dim if i + 1, . . . ,N, i = 1, . . . , L, every Xf k is 
from{Xl,...,XS. mHi }. 

Proof. Consider coordinate system of the 2nd kind on the nilpotent tangent 
cone G g Ai. 

e g (h, ...,t N )= exp(t N (X 9 N )') o ■ ■ ■ o exp(t 1 (Xf)')(0). 

The mapping Q g is a diffeomorphism of M N . For every nonhorizontal vector 
field (X k )' fix decomposition given by Lemma [1.121 

exp((Xf)')(0) = exp(a L , k (Xl k )') o • • • o exp(a 1 , fe (Xf >fc ) / )(0). 

Here \a^k\ < ci for all i = 1, . . . , L, k = dim if i + 1, . . . , N, and every 
(X? k )' is from the set {(X?)', (X^hJ}- A PP!ying dilation 5 9 to this 
decomposition we obtain the following representation 

5? ex P ((X£)')(0) = axp(^**(X£)')(0) 

= ex V {a Ltk t{X 9 Lk )') o ■ ■ ■ o exp(a lifc t(Xf fc )')(0), t > 0, 
% exp((X£)')(0) = exp(-|t| dc ^H^)')(0) 

= exp(a 1)fe t(Xf >fe )') o ■ ■ ■ o exp(a L , fc t(X^)')(0), t < 0. 

(1.10) 

Since vector fields (X k )' are left-invariant, representation (11.101) holds also if 
we replace by arbitrary x G G 9 M. 

Next, we push- forward representation (11. 101) using local group isomor- 
phism g . Define mappings <& k : [—£,£] X Box(g,£) — > Q 9 as 

$ k (t)( w ) = J ex P( a ^^U) • ■ ■ ° e Mai,ktXl k )(w), £ > 0, 
\ exp(a ltk tXf k ) o • • • o exp(a L:k tX g L k )(w), t<0 
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where, by definition, 

exp(aXf) o exp(6X?) = ^ o exp(a(Xf )') o exp(&(X/)') o 9^ 

and e > is small enough that ( II. lip makes sense for all k = dim Hi + 
1, . . . , N, t G [— e, e] and w G Box(g, e). 

Consider a mapping <3> 9 defined as in (jl.9p . Since, by construction, 

$,(*!,..., ^) = e p oe,(tf* Xl ,... 

the mapping $ s is a homeomorphism of a ball B e (0, e) C onto the neigh- 
borhood V(g) C MnG 9 . □ 

For every point g G U(go) define mappings : [—£, e] — > M. as 
$ fe (t)(.) = | ex P( a L,fc tX L,fc) ° • • • ° exp(a 1>fc tX ljfc )(-), t > 0, l 

where coefficients a^, i = 1, . . . , L, k = dimiYi + 1, . . . , N, are taken from 
the representation (11.101) . Define also a mapping $ 9 : B e (0, e) — > M. as 

$ 9 : (ti, . ..,tiv) H> $ N (t N ) O ■ ■ • O $dimifi+l(*dimHi+l) 

o exp(t dimHl X dimHl ) o • • • o exp(tiXi)(5(). (1.13) 

Next, we prove that $ 9 is the desired mapping, i. e. there is a neighborhood 
V(g) such that V(g) C $(£ e (0,e)). 

Theorem 1.14. Fix the point g$ G Ai. Let X 1; . . . , X d \ m ^ 6e a fraszs m 
T/ien i/iere zs a neighborhood U(go) such that for every point g G U(go) an 
element v G U (go) can be represented as 

v = exp(a L X jL ) o • ■ ■ o exp(a 2 X j2 ) o exp(a 1 X jl )(g), (1-14) 

where 1 < ji < dimif 1; i — 1, . . . , L, L G N, < c 2 d^g, v), constants L 
and C2 are independent of g and v. 

Proof. Fix g Q G M. Let <&&(£)(•) and $*•(*)(•) be defined as in (jl.lOp and 
(11.121) . By Theorem 11.71 we have 

rfoo($fc(t)H, $ fe (t)H) = o(t) as i -> 
where o(t) is uniform with respect to g, w in a compact neighborhood U(go). 
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Let B e (0,r) be an Euclidean ball in M. N and mappings $ 9 and $ g : 
B e (0,r) — > M. be denned as in f ll.9p and (|1.13j) . Observe that both map- 
pings are continuous and that d 00 (^ g (x), $ g (x)) = o(r) as r — > where o(r) 
is uniform in g G U(go) and x G -B e (0, r). Moreover, $ 9 is a homeomorphism 
of B e (0, r) onto a neighborhood V(g) E Ai H Q g . 

Define ip = $ 5 o $~ . The mapping ip : V(g) — > Ai is continuous and 
^oo(^ j ^(f)) = O (doo(g,v)) as i> — >■ g where o(-) is uniform in g,t> G U(go). 
Choose Eo > such that doo(v, ip(v)) < ^ for every t> G Box(g, e), < e < Eq 
and g G U(go), where Q > 1 is a constant from the generalized triangle 
inequality for e^. Next, we prove that xjj(Box(g,e)) is a neighborhood of g. 

Consider a homotopy iptiv) = 6l_ t if)(v), t G [0, 1]. It is clear that ipo( v ) — 
ip(v) and ipi(v) = v. Fix a point w G Box(g, ^). Then for every v G 
<9Box(g, e) we have 

£ = dooigjv) < Q(doo(g,w) + doa(w,v)) < | + Qdoo(w,v). 

Hence, doo(w, v) > ^k. On the other side, for all t> G <9Box(g, e) we also have 

doo(^t(v),v) = d^l^i) (v),v) 

= dl(5Um,v) = (l-t)dl ^(v),v) 

<dl {^{v),v) = d 00 {i>{v),v)<^. 

Consequently, w G" ip(dBox(g, e)) for all t G [0, 1]. Therefore, the topological 
degree of ip t at w is invariant for all t G [0, 1]. Since 

degO,Box(>,£), ip) = deg(w,Bcx(g,e),ifa) = deg(w, Box(g, e), ^0) = 1, 

we conclude w G i[) (Box(g , e)) . In other words Box(g, ^) C $ g (Box e (0, e)), 
where Box e (0, e) = {x G : < e, % = 1, . . . , N} is an Euclidean cube. 
Let U(go) be a neighborhood of go small enough that 

U(g ) C P| Box(g,f£). 

set/ (go) 

Let £ = doo(g,v) where g,v E U(go). Then there exists a tuple of numbers 
(ti, . . . , tjv) such that \ti\ < 2Qe and v = • • • , £jv). This completes the 

proof. □ 

An absolutely continuous curve 7 : [0, T] — >■ A*f is said to be horizontal if 
7(t) G for almost all t G [0,T]. 

As an immediate consequence of Theorem 11.141 we obtain the following 
generalization of Rashevsky-Chow theorem |Ra| \Ch\ IKV] . For C 1 -smooth 
fields X\, . . . , Xn this statement is new. 
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Theorem 1.15. 1) Let g E Ai. There exists a neighborhood U of a point g 
such that every pair of points u, v E U in a Carnot-Caratheodory space Ai 
can be joined by an absolutely continuous horizontal curve 7 constituted of 
at most L segments of integral lines of basic horizontal fields where L is 
independent of the choice of points x, y EU. 

2) Every pair of points u, v in a connected Carnot-Caratheodory space Ai 
can be joined by an absolutely continuous horizontal curve 7 constituted of 
finite number of segments of integral lines of basic horizontal fields. 



1.6 Carnot-Caratheodory metric and Ball-Box Theo- 
rem 

The Carnot-Caratheodory distance between two points x, y E Ai is defined 

as 

d cc (x,y) = inf{T > : there exists a horizontal path 7 : [0,T] — > Ai, 

7(0)=z, 7 (T)=y,|7(f)|<l}. 

Theorem 11.151 guarantees that d cc (x,y) < 00 for all x, y E Ai. An open ball 
in Carnot-Caratheodory metric with center in x and radius r we denote as 
B cc (x,r). 

The following statement is called the local approximation theorem. It 
was formulated in [G, p. 135] for "sufficiently smooth vector fields". It was 
proved in [VK2] for C 1,a -smooth vector fields but the same arguments work 
for the case of C 1 -smooth vector fields since they are based on the property 
fOD [KVT1 Theorem 7]. 

Theorem 1.16 ( |VK21 IKVlj ). Let g E Ai. Then for every two points u, 
v E B cc (g,e) we have 

\dcc(u,v) — d 9 cc {u,v)\ = o(e) as e — >■ 

where o(e) is uniform in u, v E B(g, e) and g belonging to some compact set. 

As a corollary we obtain a comparison of metric d cc and quasimetric d^ 
and Ball-Box theorem. 

Theorem 1.17 ( [KV1| Theorem 11]). Let g E Ai. There exists a compact 
neighborhood U(g) C Ai and constants < C\ < C 2 < 00 independent of u, 
v E U(g) such that 

Ctdoofav) < d cc (u,v) < C 2 d OQ (u,v) (1.15) 

for all u, v E U(g). 
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The following statement was proved under smooth enough vector fields 
in [NSW1 E], for C^-smooth vector fields, a 6 (0, 1], in [KV] and for C 1 - 
smooth vector fields in |KV1] . 

Corollary 1.18 (Ball-Box theorem |KV1] ). Given a compact neighborhood 
U 6 M., there exist constants < C\ < Ci < oo and r > independent of 
x £ U such that 

Box(x, C\r) C B cc (x,r) C Box(x, C^r) 
for all r G (0, r ) and x E U. 

2 Approximate limit and differentiability 

2.1 Hausdorff measure 

The (spherical) fc-dimensional Hausdorff measure of the set E with respect 
to metric d cc is the quantity 



Theorem 2.1 ( |Mit IKV] ). The Hausdorff dimension of M. with respect to 
d cc is equal to 



H k (E) = lim inf 



£->0+ 



r\:Ec {jB cc (x i ,r i ),r l < e 



N 



V 





k=l 



i=l 



where dimH< 



o 







Ball-Box theorem implies the double property of measure. 



Proposition 2.2. We have 



H u (B cc (x,2r))<CU u (B cc (x,r)) 



where C < oo is bounded in r e (0, ro] and x belonging to some compact part 
VcM. 
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2.2 Approximate limit and its properties 

The density of a set Y at x G M. is a limit 

lim Zgtel^), 

if it exists at x (where v is the Hausdorff dimension of the space M). 

Let £ C M be a measurable set and / : E — >■ M be a mapping to a 
metric space M. 

A point y G M is called the approximate limit of the mapping / at the 
point g G E of density 1 and is denoted by y = ap lim f(x) if the density of 

x->g 

set i? \ at g equals zero for every neighborhood W of the point y. 

In the case M = 1 we also define the approximate upper limit of the func- 
tion / at the point g G E, denoted by ap lim f(x), as the greatest lower bound 

x->-g 

of the set of all numbers s for which the density of the set {zGM: f(z) > s} 
at the point g equals zero. By definition, aphm/(x) = — ap lim(— f(x)) 

x^g x ^9 

is the approximate lower limit. It is easy to verify that ap lim f(x) < 

x->g 

ap lim f(x) and that ap lim f(x) exists if and only if ap lim f(x) = ap lim f(x). 

x^rg x^>g x^>g 

Next we state several properties regarding measurability and approximate 
limit which we need in further arguments. 

Property 2.3^Let S be a W x W -measurable set in M. x M. and z be a 

fixed point in M.. For every e > and 5 > define T as a set of the points 
x for which 

W{z : (x, z) G S, d cc {z , z)<r}< er" for all < r < 5. 
Then the set T is measurable. 
Really, for any r > 0, a set 



S r = Sf]{(x,z) : d cc (z , z) < r} = S n (M x B cc (z , r)) 

is H u x T^^-measurable. By Tonelli-Fubini theorem the set {z : (x, z) G S r } 
is ^''-measurable for "H^-almost all x and 

JJxs r ( x , z )dxdz = J J xs r ( x i z ) dzdx = J W {z : (x, z) G S r } dx. 



MxM JVI M 



Mm M 
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Consequently, the mapping 

(p:x\-> J Xs r ( x i z )dz = W{z : (x,z) G S r } 

M 

is T^-measurable. Then we have 

T = p| {x : ip(x) < er u }, 

re(0,5)nQ 

where Q denotes the set of rational numbers. It remains only to note that 
every set {x : (p(x) < er u } is T^-measurable. 

Property 2.4. If a : M x M — > E is W x Ti u -measurable real-valued 
mapping and Zq is a point in A4 then 

ap lim a(x, z) and ap lim a(x, z) 

are ~H U -measurable mappings of argument x. 
First, notice that 

{x E M : ap lim a(x, z) < r} = C] A t = C] A ,1, 

Z— ¥Z(j • • • • n 

t>T 71=1 

where A t is a set of the points x M. for which the set {z G M. : o"(x, > t} 
has the density zero at zq. We have to make sure that A t is measurable. In 
order to do this we apply Property 12.31 to the set 

S t = {(x, z) G M x M : cr(x, z) > t} 

and derive that the set T t (m, k) of the points x G M. for which 

~ r v 
H v {z : (x, z) G S t , d cc (z , z) < r} < — for all < r < fc -1 , 

m 

is measurable for all positive integers m and fc. It remains only to observe 
that 



A t =f) f]T t (m,k). 



m=l fc=l 
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2.3 Differentiability in the sub-Riemannian geometry 

Fix E C R and a limit point s G £7. The mapping 7 : £7 — > Ai has swfr- 
Riemannian derivative at the point s if there is an element a G (J 7 ^ such 
that 

d2c s) (l(s + t), 5l (s) a) = o(t) as t -> 0, s + te£. (2.1) 

We use the notation a = /y(t + s) |t=o- A derivative is called horizontal 
in the case a G exp(if 7 ( s )A / l), i. e. 



dim Hi dim i 

exp( a^ w )( 7 (a)) =exp( £ « J X,)( 7 ( S )) 
j=i i=i 



for certain c^- G R. 

In [V5j it is proved that for a curve in the Carnot-Caratheodory space to 
be horizontally differentiable it is sufficient to be a Lipschitz mapping. Recall 
that 7 : E C R — > M. is called a Lipschitz mapping if there is a constant 
C > such that the inequality 

dcc(70&)>7(y)) < ~ 2/1 

holds for all x, y G -E. 

Theorem 2.5 ( [V5] ) . Every Lipschitz mapping 7 : E — > Ai, where the set 
E C R is closed, has horizontal derivative almost everywhere in E. 

The mapping / : E C M — > M of two Carnot-Caratheodory spaces is 
called [VC] differentiable at the point g G E if there is horizontal homomor- 
phism L : — >■ (^(s) of the local Carnot groups such that 

d£« (/(«), = 0(^(0, «)) as£nff»3^j. (2.2) 

Recall that £/ie horizontal homomorphism of Carnot groups is a homomor- 
phism L : G G such that £>£(())(#&) C FG. 

Local approximation theorem (Theorem 11.161) gives an opportunity to 
use both metrics of the initial space and of local Carnot group in the defini- 
tion (12.21) . Indeed, since 

dce(f(g), f(v)) < d cc (f(g), L(v)) + dcc(L(v), f(v)), 

we have 

dM(v)iL(v)) = d^\f(v),L(v)) + o{d^\ 

-d^\f(v),L(v)) + o(d^\f(v),L(v)))+o(d^\f(g),L(v))) 
= o(d* cc (9,v)) + o(dUv,g) sup d^\f(g),L(u)) 

u:d^ c (u,g)=l 

= o(d 9 cc (g,v)) = o(d cc (g,v)). (2.3) 
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The homomorphism L : Q 9 — >■ satisfying ( 12. 2 p is called i/je differen- 
tial of the mapping / and is denoted by D g f. One can show that if g is the 
density point then the differential is unique. Moreover, it is easy to verify 
that differential commutes with the one-parameter dilation group: 

~5{ {9) o D g f = D g f o 51 (2.4) 

If v G Q 9 and 5 9 t v G Q 9 then, by (FjOJ, we have 

d f ^\f(S!v)M i9) D 9 f(v)) = d^(f(5°v),D g f(5?v)) 

= o(d 9 c (g,5?v)) = d 9 cc (g,v)o(t), (2.5) 

i. e. element D g f(v) is a derivative of the curve j(t) = f(Sfv) at t = 0. 

By the derivative of the mapping / along the horizontal vector field X at 
the point g we mean the derivative of the curve 

7 (t) = f(5?ex P X 9 (g)) = f(exptX(g)) 

for t = 0. We use the notation Xf(g) to denote this derivative. To be more 
precise we have to write expXf(g) since usually Xf(g) is the Riemannian 
derivative ^f(exp(tX)(g)) | . To simplify notations we will use Xf(g) for 
the sub- Riemannian derivative except of the cases when the opposite is stated 
explicitly. 

The mapping / : E C Ai — > Ai of two Carnot-Caratheodory spaces 
is called a Lipschitz mapping if there is a constant C > such that the 
inequality 

d cc (f(x),f(y)) < Cd cc (x,y) 

holds for all x, y G 22. 

In the work [V5] there were generalized the classical Rademacher [RJ and 
Stepanoff |S1] theorems to the case of Carnot-Caratheodory spaces. 

Theorem 2.6 ( |V5l Theorem 4.1]). Let E be a set in M and let f : E -» M 

be a Lipschitz mapping. Then f is dijferentiable almost everywhere in E and 
the differential is unique. 

Theorem 2.7 ( [V5[ Theorem 5.1]). Let E be a set in Ai and let a mapping 
f : E — > M. satisfy the condition 

t- d cc (f(a)J(x)) 

hm — r < oo 

x->a,x£E d cc [a, X) 

for almost all a G E. Then f is differentiable almost everywhere in E and 
the differential is unique. 

Here we will write an alternative proof of Theorems 12 . 6 1 and 12 . 71 using the 
theorem on approximate differentiability. 
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2.4 Approximate differentiability 

Now we replace a regular limit in (12. ip by the approximate one. This leads 
us to definition of an approximate (horizontal) derivative as an element a G 
exp HQ 1 ^ such that 

r d&%(s + t),S? a) a) 

ap hm — i = 0, 

t^o \t\ 

i. e. the set 

{te(-r,r):d^\ 1 (s + t),^a)>\t\e} 

has density zero at the point t = for an arbitrary e > 0. 

Similarly an approximate differential is the horizontal homomorphism 
L : Q g — > gf( 9 > of the local Carnot groups such that 

ap hm -g- r = 0, 

i. e. a set 

{t; G 5 cc (^,r) : (f (v) , L(v)) > dl{g,v)e} 

has "H^-density zero at the point v = g for any e > 0. We denote such 
homomorphism as &pD g f. 

Using the notion of an approximate differential we can generalize Theo- 
rem [2]T] in the following direction. 

Theorem 2.8. Let E be a set in Ai and let f : E — > M. meet the condition 

— d cc (f(g),f(x)) 
ap hm — < oo. (2.6) 

x -+9 d cc (g,x) 

Then f is approximately differentiable almost everywhere in E. 



For proving Theorem 12.81 we need the following statement. 

Theorem 2.9. Let E be a measurable subset in M. and f : E — ^ M. be a 
measurable mapping enjoying (12.61) for all points g G E. Then there is a 

oo 

sequence of disjoint sets E , E 1 , . . . , such that E = E U IJ E i; T-L u {Eq) = 
and every restriction f\ E ., i = 1, 2, . . . , is a Lipschitz mapping. 
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Proof. Since our considerations are local, we limit our arguments to the case 
when E dU where U is an open subset in Ai. Consider a sequence of sets 

U m = {x G U : d cc {x, dU) > 2m" 1 }, m G N. 

oo 

Each U m is closed and (J U m = U. For all distinct points u and v of U 

771=1 

the relation 

_ n v (B cc (u, d cc (u, v)) n B cc (v, d cc (u, v))) 
n ^ v >~ dju,v)» ' U ^ Vl 

is a continuous real-valued function. For every m define a constant 

7 m = mi{h(u,v) :u,ve U m , d cc (u,v) < m" 1 }. 

Let d cc (u,v) = I. By definition of d cc for an arbitrary e > there exists 
piecewise smooth path 7 : [0, / + e] — > M. such that 7(0) = u, j(l + e) = v 
and |7| < I. Let it; = 7(^r). Then d cc (u,w) < ^ and d cc (v,w) < 
Consequently, B cc (w, ^p) C B cc (u,l) and B cc (w, C B cc (v,l). Hence, 

v ' 7 - ~ l v 

where Ci > is a constant from Ball-Box theorem. Since e > is arbitrary, 
we infer 7 m > C^ - " > 0. 

For every m G N let E m be a set of all density points of E D (Z7 m \ 

(assuming Z7o = 0)- The sequence of E m is a disjoint family and *W{E \ 

00 

U Em) = 0. 

m=l 

For fcGN, u £ E, < r < mT x define 
QT(u,r) = B cc (u,r) D {x : x £ E m or d cc {f(x),f{u)) > kd cc (x,u)} 
and also define 

B% = EH |w : W{Q^{u,r)) < ^J— for all < r < mu^AT 1 , rrT 1 }}. 



By Property 12.31 all B m are measurable and .E" 1 = |J B™. Next, if u, v G 5 

fe=i 

and r = d cc (u, v) < minjA; -1 , m" 1 } we have 

H v (Q™(u, r) U Q£>, r)) < lm r v < U\B cc {u, r) n B cc (v, r)). 
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Hence we can choose a point 

x e (Bju, r) n Bjy, r)) \ (Q™{u, r) U Q£{v, r)). 

For that point 

dccUiu), f(v)) < d cc (f(u), f(x)) + d cc (f(x), f(v)) 

< kd cc (u,x) + kd cc (x,v) < 2kr = 2kd cc (u,v). 

Consequently, representing B™ as union of countable family of measurable 
sets B™p whose diameters are less than min{A; _1 , m" 1 }, we see that every 
restriction f\s m . is a Lipschitz mapping. □ 

Proof of Theorem \2.S\ By Theorem 12 .91 the domain of / is an union of count- 
able family of disjoint sets Ei such that every f\^. is a Lipschitz mapping 
(up to the set of measure 0). By Theorem 12.61 every /|#. is differentiable 
almost everywhere in Ei. For the density points of Ei this is equivalent to 
approximate differentiability in E. □ 



3 Theorem on approximate differentiability 

Now we have all necessary tools for formulating and proving the main result. 

Theorem 3.1. Let E C -M__6e a measurable subset of the Carnot-Caratheodory 
space M. and let f : E — > Ai be a measurable mapping. The following state- 
ments are equivalent: 

1) The mapping f is approximately differentiable almost everywhere in E. 

2) The mapping f has approximate derivatives apXjf along the basic hor- 
izontal vector fields X 1; . . . , X dimHl almost everywhere in E. 

oo 

3) There is a sequence of disjoint sets Qi, Q 2 , ■ ■ ■ such thafH u (E\ |J Qj) = 

i=l 

and every restriction f\g. is a Lipschitz mapping. 

Proof of the implication 1) 3). Let g G Ai be a density point of E and 
Let / be approximately differentiable in g. Fix a point v in a set 

C B (g) = {vE B cc (g,r g )ng 9 : d cc (f(v),&pD g f(v)) < ed cc (g,v)}, e > 0. 

By Theorem 11.161 we have 

d^\f(v), &V D g f(v)) < d cc (f(v), ap D g f(v))[l + o(l)] 

< d cc {v,g)[e + o{e)} = d 9 cc (v,g)[e + o(e)]. 
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From the definition of an approximate differential it follows that "-density 
of the set B cc (g, r g ) \C £ (g) equals zero for any e > 0. In other words 

ap hm — — ^ = 0. 

d cc (g,v) 

Therefore, 

v ^9 d cc (g,v) 

< apiS ^4 M + ^EWM'f''' 
d C c{g,v) v-> g d cc (g,v) 

_ m dcc(f(9),D 9 f(v)) ■ Q 



d g cc{g,v) 



^->9 d 9 cc (g,v) 



<m d^\f{g) 1 D 9 f{v))\l + o(l)] 



[l + o(l)] sup d^(f(g),DJ(v)) <oo 

u: df c (v,s)=l 



for almost all g E E. Hence, the conditions of Theorem 12.91 are fulfilled. □ 

The implication 3) =>■ 2) is proved as Corollary 13.41 in the next subsection. 
The implication 2) =>■ 1) is a direct corollary of the following crucial 

Theorem 3.2. Let / : M. — > M. be a measurable mapping of Carnot- 
Caratheodory spaces. Then 

Aj = domapXj/ is a measurable set, 

apXjf : Aj — > exp(ff.M) is a measurable mapping in Aj, 

for all j = 1, . . . , dim if i, and / approximately differentiable almost ev- 

dim Hi 

erywhere on the set A = f] Aj. Moreover, if g E A is a point of an 

3=1 

approximate differentiability of the mapping f and in the neighborhood of g 
we have representation from Theorem [OH 

v = exp(a L X jL ) o ■ ■ • o exp(aiX,- 1 )(^) 

where 1 < ji < dimifi, % — 1, . . . , L, L G N, then 

L 

apD g f(v) = HS^^XjJig) E . 

i=l 
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We follow the proof in |V3j where the similar result was established for 
Carnot groups (which in turn was inspired by the proof [F] of the similar 
theorem for mappings of Euclidean spaces). The essential steps of the proof 
are carried out in separate lemmas which are proved below and the proof of 
the theorem itself is located in the subsection 13.31 ] ust after proofs of lemmas. 



3.1 Approximate derivatives 

Lemma 3.3. Let E C M. be a measurable set and f : E — > Ai be a measur- 
able mapping. Then 

A r c P y—d cc {f{x), f(exptXj(x))) . 

Aj = \x G E : aplim — < oo\ is measurable; 

31 t^o \t\ J 

apXjf : Aj — > Ai is defined almost everywhere and is measurable; 
apXjf(g) G exp(HgAi) for almost all g G Aj 

for every j = 1, . . . , dim Hi . 

Proof. Fix j G { 1 , . . . , dim Hi}. A mapping 

t ^ \t\- l d cc (f(x),f(exptXj(x))) 

is measurable and by Property 12 .41 the set Aj is measurable. For every x G E 
define A x as a set of real numbers t such that exptXj(x) G Aj. In the 
case A x ^ define also the mapping h : A x — > M. by the rule h(t) = 
/(exp tXj(x)). 

If y = exptXj(x), t G A x , we have 

— d cc (h(t),h(t + T)) 

ap hm — : 

— d cc (f(exptXj(x)), f(exp(t + r)Xj(x))) 
= ap lim : — : 

— d cc (f(exptXj(x)), /(exp rX^exptX^x)))) 

— ap lim 1 — j 

= ap hm — < oo. 



Hence, h meets the conditions of Theorem 12.91 Therefore, A x = Bq U |J B 



H 



i=l 



where 1-L v (Bq) = 0, all i — 1, . . . , oo, are measurable and restriction of h 
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on every Bi is a Lipschitz mapping. If h : Bi — > Ai is one of these restrictions 
then by Theorem 12.51 the sub-Riemannian derivative 



d_ 

At sub 



h{t + r) 



T = 



G expH h(t) M 



exists for almost all t. If t is a density point for the set Bi then 



— fr(t + r; 

GST sit6 



T = 

t+res,- 



d , . 
ap — mt + r 

CtTsMb r=0 

a Py- /(exprX,(y)) 

GET sub 



r=0 



Thus, apXjf(y) exists in = exptX,(x) : t G Ar} for almost all t G A x . 
This provides existence of the derivative ap Xjf almost everywhere in Aj. □ 

Corollary 3.4. A Lipschitz mapping f has approximate derivatives apXjf 
along the horizontal vector fields Xj almost everywhere and apXjf(g) G 
exp(HgAi) for almost all g G dom/. 

Remark 3.5. Note that if apXjf(g) defined at g G Ai then &p(aXj)f(g) is 
also defined for all real numbers a. Moreover 

&p(aX j )f(g) = 6tto&pX j f(g). 

Let the coordinate system (11.131) be defined in a neighborhood of a point 
g G Ai. Consider a curve 



T k (g;t) = $ k (t)(g). 



(3-1) 



We say that the mapping / is approximately differentiable along the curve 
Tk(g; t) at t = if there is an element a G n Ai such that 



1 



deg X k 



r 



H degXk lt G (-r,r) : 



d g cc(g,T k (g;t)) 



/(<?), 



> e } ->■ as r -> 0. 



We denote this derivative by a = apG? s „b(/ o rfc)(g). If = 1, . . . , dimi?i, 
this definition coincides with the definition of the approximate derivative 
from Subsection 12.41 

Lemma 3.6. Let E C At be a bounded measurable set and f : E — > Ai 

be a measurable mapping. Let also the coordinate system f 1 1 . X 3 j) be defined 
at the neighborhood of a point g G U with functions $*: satisfying fll . 12j) . 
Then the mapping f is approximately differentiable along the curve Tk(g;t) 
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defined by (13.1 1) , = dim if x + 1, . . . , N, at t = almost everywhere in 

dim //i 

A = f] domapXj/. Moreover, the approximate derivative can be written 
as 

ap4«fe(/ o r fc )((/) = ap(s Lfc X|^)/ o • • • o ap(siX| i )/(^) 

= ap( ai Xj)/0,) • . . . • Ms Lk X° Lk )f(g) G (3.2) 

almost everywhere. Here L k < L and S{ = ±1 are from the representation 
(11.121) . Also the following estimate 

d^(f(g),apd sub (foT k )(g)) 

< L k max{d cc (f(g),a 1 pX j f(g)) : j = 1, . . . , dimi^} (3.3) 

/ioWs /or all k = dim Hi + 1, . . . , N . 
A sketch of the proof: 

At the first step we apply Luzin's and Egorov's theorems to a bounded 
set A and obtain a set A' C A that differs from A on a set of a measure 
small enough and on which the limit aplim5^ 9 i f(exptXj)(g) converges to 

apXjf(g) uniformly. 

Next we assure that the set of real numbers t, for which the relation ( 13. 2 j) 
does not hold, is negligible. 

At last, we prove that the uniform limit aphmt^fii / o T k {g\ t) converges 

to the (GOD in A'. 



t->o 



Proof. By Lemma 13.31 the sets A, = domapX,/ C -E are measurable and 
the mappings apXjf are measurable in Aj for all j — 1, . . . , dim if i. 

We have T-i u {Aj) < % U (E) < oo. Fix e > 0. Applying Luzin's theorem 
we find a closed set E' C A such that T-L U {A \ E') < e/2 and all ap Xjf are 
uniformly continuous in E' . 

Consider a sequence of functions {ip J n : i?' — > M} n eN defined as 

jf , M 9] {f(exp(tX,)(g)),6 f t ^apX 3 f(g)) 
V n \9) = sup j-j , j = 1, . . . , dun if i. 

|*]<i 1*1 

1 1 n 

Since </^(^) — >* as n — > oo, by Egorov's theorem we obtain a measurable set 

ap 

E" C £' such that W{E' \ E") < e/2 and ip> n {g) ^ as n ^ oo uniformly 
on E" . Therefore, the limits 

ap hm i-: = 

t^o \t\ 



30 



S. G. Basalaev, S. K. Vodopyanov 



converge uniformly on E" for all j — 1 , . . . , dim H\ . 

For every positive integer m and for all x G E, r > define a set 

TJ>(x,r) = [te (-r,r) : d£M (/(exp tX,(x)), ^ apX,/(x)) > j^}. 

For all positive integers p we introduce 

B™(p) =A i n(xEE: H l [T™(x,r)] < — for all < r < p' 1 }. 
J I J m J 

By Property 12. 3l the sets BJ l {p) are measurable for all j = 1, . . . , dim if i. We 

oo 

have also \J Bf(p) = A,. 
p=i 

Moreover, BJ l (p) C B^ijp + 1)- Hence, we can choose a sequence of 
numbers Pi,P2, ■ ■ ■ such that W{E" \ B 1 J l {p m )) < ^- holds. Therefore, 

dim oo 

% V {E" \F)< e- dim^i, where F = Q Bf(p m ). 

j=l m=l 

Next, for all x G F, r > define a set 

Zj(x,r) = {y = exptXj(x) : \t\ < r and y ^ F}, j = 1, . . . , dimi^. 
For all positive integers m and g define the sets 

Cf{q) = F n jx G £? : ^[^-(x, r)] < ^ for all < r < g" 1 }. 

By Property O all Cf(q) are measurable. Also w{f \ Q Cf(g)) = 0. 

Moreover, Cj l (q) C C™(g +1). Hence, we can choose a sequence of 
numbers qx, q 2 , ■ ■ ■ such that W(F \ C™(g m )) < ^ holds. Therefore, 

dim Hi oo 

n v (F\F 1 )<ms, where F 1= f| f| C;( 9n ). 

i=l n=l 

Next, we prove that the function / is approximately differentiable along 
the curve T k (g; t) uniformly in F 1 and the mapping g H- apf tsub f(T k (g; t))\ t=Q 
is uniformly continuous in Fx. 

Fix m G N, < r < minjp" 1 , g" 1 } and a density point g & Fx- Denote 

ui(*) = ex.p(ts 1 X jl )(g), 

Ui(t) = exp^tSiXjJi^Ui^xit)) , i = 2,...,L k . 
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Then UL k (t) = T k (g;t). Define the set S m C (— r, r) as follows: 

teS m , if Sl teT™(g,r), 

or Sit G T™(ui-i(t),r), 
or m(t) G Z h (g,r), 

or Ui(t) G ZjXui-i(t),r), i = 2, . . . ,L k . 



Since H x [T£{g t T)\ < ^H\Z h {g,r)\ < ^ and since H l \T^{ui-i{t),r)\ < 
H x [Zj.(ui- 1 (t),r)] < ^ if Ui-i(t) G Fi, i = 2, . . . ,L k , we have 



% 1 {S m ) < 2L h 



m 



Now we estimate "H de ^ Xk -measure of the set S m . Fix arbitrary numbers 



r 



5 > and A > 2L fc — . (3.4) 



Cover the set S m with a countable family of intervals (a^, 6^) so that 

^ - a c < 5, ~ a ?) < A - 



Then 



|6 { - a c | degXfe < 5(2r) dcgXfc - 1 , ^ |6 € - a € | degXfc < A(2 
Since 5 and A are arbitrary numbers of (13.41) . we have 

deg x k 



r ,deg X fc -1 



??1 



Now we show that the expression (13.21) is really the derivative of the 
composition f oT k . For the points u, v G F\ we have 

d^ifiexpits.X^v)), apitSiXjfiv)) < <pi(t), 
d{te)(ap(tSiXi)f(u), ap(tSiXi)f(v)) < tui(d cc (u,v)), 

where ^j^- — > as t — > uniformly for v G F\ and Wj(t) are moduli of 
continuity of the mappings ap(siXi)f(-) in F\, i — 1, . . . , dimifi. 
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If \t\ < r and t (jL S m we obtain 

d^(fju 1 (t),~8! {9) Ms 1 X 1 )f(g)) 

= d f ^(foeMtsiXi)(g), w(ts 1 X 1 )f(g)) 
<<Pi(t) = Ci{t). 

Further, by induction: 

i=l 

= d f W (/ o expitSjX^Uj-xit)), vpfaXj)/ o J] apQstXJfig) 

i=l 

< d^(foeMtSiXj)(uj-i(t)), Mts^fiu^it))) 

+ d f W(ap{ts j X j )f(u j - 1 (t)), ap(%X i )/ o J] ap^JQ)/ (<?) 

8=1 

<^ i (t) + <w i (C i _ 1 (t)) = C,-(t), 

c ■ ft) 

where — > as t — > uniformly for g & Fx. 

Therefore, for £ G (— r, r) \ S 1 " 1 we have an evaluation 

d^[f{Y k {g-t)\ P t {9) 'J] f(gj) = o(t), 

i=l 

i. e. the equality 

d Lk 

a p~77 f(^k(g; *)) = TT ap(siX<)/(^) 

2=1 

holds for g £ Fx. Since r, m, e are arbitrary the latter takes place almost 
everywhere in E. The inequality (13. 3 j) follows from ( 13. 2 p and the generalized 
triangle inequality. □ 

Remark 3.7. Consider in the previous lemma the curve T' k (g; t) = Tk(g; Xt), 
A G R\ {0}, instead of r^gjt). The following representation takes place 

r fc(#; *) = ex P(Xts Lk X jLk ) o • • • o exp(AtsiX il )(^), 

where s, = ±1, 1 < jj < dim if i. Then if there is apd su b(f oTk){g) defined 
at the point g G Ai the derivative a.pd su b(f o F' k )(g) is also defined and we 
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have 

&pd sub (f o T' k )(g) = Y[M^ s i X i)f(9) 

i=i 

= S{ (9) H& V (siXi)f(9) = Wd sub (f ° I*)(</). (3.5) 

8=1 

3.2 Construction and properties of a mapping of local 
groups 

Consider the system of the coordinates of the second kind (II .9p in a neigh- 
borhood V(g) C Q 9 of g. Define a mapping L g :V(g)-> G f{9) as follows: 

N 

L g :v = $ g (t 1 ,...,t N )^'Yl ~ 6 L i9) ^dsubU o T h ){g). (3.6) 

fc=i 

Declare some properties of this mapping. 
Property 3.8. The mapping L g is continuous. 

It follows directly from (13. 6p . 
Property 3.9. 5 f x {g) o L g = L g o 5{. 

Really, for v — • • • , tjv) we have 

5{v = 5{$ g {t 1 ,...,t N ) 

= $[$Ar(tjv) O • • • O $dimi?i+l(*dimi?i+l) 

O exp(t dimHl ^dimH 1 ) ° " " " ° ex P(^l)(flO 
= $Ar(AtAr) o • • • o $ d imifi+l(AtdimHi+l) 

o exp(At d imif 1 ^dimifi) ° " " " ° exp(AtiXf)(p) 
= 8 9 (Ati,...,Atjv). 

Then, taking into account (13. 5p . we get 

N 

L 9 (Sp) = II^ ( f *P<U(/ oT k )(g) 

k=l 

N 

= s f x 9) n ~ 6 i i9) a p <w/ ° r ^) = k^lm 

k=l 
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Property 3.10. The mapping L g is bounded. 

By Property 13.91 the mapping L g is homogeneous, so 

||Lj=sup -p f = sup d{^(L g {g),L g (v)). 

vjtg acc{g, v) d 3 cc (g,v)=i 

The latter is finite because of continuity of L g . 

Property 3.11. Let u, v G Q 9 be such that d g cc {u,v) = o(d 9 c (g,u)) as u —> g. 
Then 

d^(L g (u),L g (v)) = o(d^(g,u)). 

Let u(t) be a modulus of continuity of the mapping L g : B cc (g, 2) — > Q^ a \ 
Then if we define r = max{c^ c (g, u), d 9 c (g, v)} by Property 13.91 we have 

d^\L g (u),L g (v)) = 0{r)d^\L g {5l_ 1 u) 1 L g {5l 1 v)) 

'd 9 cc (u,v) 



<0(r) W (-^)=ro(l) asr^O. 



Lemma 3.12. Let E C Ai be a bounded measurable set and let f : E — > At 

be a measurable mapping. Let the coordinate system of the 2nd kind (I1.13P be 
defined in a neighborhood of g G Ai. Then the mapping f is approximately 
differentiable along the curves T k (g;t), k = 1,...,N, almost everywhere in 

dim Hi 

A = f] domapXj/ and the equality 

3=1 

y dtt 9 \f(v),L g (v)) 
ap hm -g- f = (3.7) 

holds for almost all g G A, where L g is the mapping defined by the formula 



Proof. By Lemma 13.31 all sets Aj = domapX,/ are measurable and by 
Lemma 13761 / is approximately differentiable along the curves Vf., k = 1, . . . , N, 
almost everywhere in A. 

Fix e > 0. By Luzin's theorem there is a measurable set E' C A such 
that H U (A \ E') < e/2 and the mappings E' 3 x a.pd sub (f o T k )(x) are 
uniformly continuous for all k — 1, . . . , N. 

Consider a sequence of functions {<p* ; E' — > lR}„ e N defined as 

kf . M 9) {f(T k (v-,t)),~6 f t iv) apd sub (f°r k )(v)) 

Vn(9) = sup k = 1, . . . , N. 

|t|<i 1*1 

1 1 n 
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We have <fn(g) as n -?• oo in E'. By Egorov's theorem there is E" C E' 

ap 

such that n v (E' \ E") <e/2 and (p*{g) ->■ as n — y oo uniformly on 
For every positive integer m and for all x G E, r > we define the set 

T fc m (x,r) = {* G (-r,r) : d£(»> (f(T k (x; t)), P t {x) ^d sub (f ° IfcX*)) > 
For all positive integers p, we define the set 

. r deg X fc . 

B™(p) = AD [x G E : H dcgXfc [T fc m (x,r)] < — — for all r G (O.jT 1 ) j. 

In the case > 1 we also define Z™(x,r;p), as the set of the points z = 
z k -i, 0, . . . , 0) G R N such that z G 5(0, r) and $ x (z) £ B k n (p). Fi- 
nally, for every positive integer q, we define the set 

Cp(p,q) = Bl n n{xeE: H h ^[Z^{x,r-p)\ < ^ for all r G (O,^)} 

k 

where h k = Yl degXj. 

i=l 

By Property I2.3[ the sets Bffip), C k l (p, q) are measurable and 

oo 

A=(j£np), 

P =i 

oo 

7/" (s^(p) \ |J C?(p, g)) =0 for all A; = 1, . . . , JV; m G N. 

<?=1 

Moreover, B k n (p) C B k n (p + 1), C k n (p,q) C C k n (p,q + 1). Hence, we can 
choose sequences of numbers pi,P2, ■ ■ ■ and gi, g2, • • ■ such that 

n BZ{p m ) \ cr( Pm , q m ))<^ 
for all k = 1, . . . , N and for every m. Then 

N oo 

n v (E" \ F) < 2Ne where F=f|Q C fc m (p m , g m ). 

fc=l m=l 

Next we show that the limit (13.71) converges uniformly in F. Really, we 
have uniform estimates: 

d f M(f(T k (v;t)), 5{ {v) a pd sub (foT k )(v))<Mt), 

d f ^(8 f t iu) apd sub (f o T k )(u), U [v) apd sub (f o T k )(v)) < tu k (d cc (u, v)) 
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for all k — 1, . . . , N, u, v G F, where ^ — > as t — > uniformly for v e F, 
Wfe(-) are moduli of the continuity of the mappings apd su (,(/ o r^). 

Fix a density point g G F, m G N and < r < min-jj?" 1 , g" 1 }. For every 
k = 1, . . . , N define Sk C ffi^ as the set of the points (ti, . . . , tjv) G -8(0, r) 
such that 

either fc > 1 and (t u . . .,t fc _i) G Z^(g,r;p m ), 
or t fc G Tf ($,(£!,..., t fc _ 1? 0,...,0),r). 

Since r; p m )] < ^ and since U degXk [Tf(x, r)] < if 

x = . . . , i fc _i, 0, . . . , 0) G B^(p m ), we have 

m m m 

JV 

If we use the notation W = [j S k then ft^W) < C 4 ^. Denote 

fc=i 

ui = ri(^;*i), 

M fe = r fc (u fc _i;i fc ) for all k = 2, . . . , N. 
Now, if v G F \ W and Ujv(i) G F \ W, we have 

^(/(rifofi)), ^apd^/oro^)) = Ci(|ti|), 

and then, by induction, 

< d^)(/(r fc (« fc _ i; t fc )), C Ufc " l)a P d -«6(/° r *)K-i)) 

+ 4 W a P <*«*(/ ° r fe )K-i), J] K {9) a P <W/ ° r <)(<?)) 

i=i 

< Mh) + Kfc|w fc (c fc _i(|ti| + • • • + K fe _iD) = c fc (|*i| + • • • + |t fc |), 

where max{|ti|, . . . , |tfc|} _1 Cfc(|ti| + • • • + \tk\) — >■ as t — > uniformly for 
//•• /■• 

Denoting v — & g (ti, . . . , ijy) we finally obtain 

ap hm ^ = 0. 

dcc{g,v) 
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If v = $ g (ti, . . . ,t N ) G F n Q 9 then d 9 cc (v,v) = o{d 9 cc (g,v)) as v -»■ g by 
Theorem 11.71 Hence, using Property 13.111 of the mapping L g we have 

&(f(v),L g (v)) < d^\f(v),L 9 (v)) + d^\L g (v),L 9 (v)) = o(d 9 cc (g,v)) 

as v — > g. Since r, m, e are arbitrary we have 

r M 9 \f{v),L g {v)) 
ap hm -g- f = 

«->s dcc{g,v) 

for almost all g G A. □ 

3.3 Proof of theorem on approximate differentiability 

Lemma 3.13. Let E C M. be a measurable set, f : E — > Ai be a measurable 
mapping, g be a density point of E and let 

T d&\f(v),L g (v)) 
aphm ^7 f = 0, 3.8 

enjoys Properties \3.8i - \3.11[ If there are rj > 0, 

< K < oo such that 

dcc{f{u),f{v)) < Kd cc (u,v) 
for all u,d£ B(g,rj), then there exists the uniform limit 

, dtt 9) (f(v)iLJv)) , N 

lim v , v x = 0. 3.9 

Proof. Let u;(£) be a modulus of continuity of L 9 : B(g,2) n G 9 Q^ 9 > . 
Then if d 9 cc {u,v) < d 9 c (g,v) < rj, by Property 13.91 we have 

Suppose < e < 1. Fulfillment of the condition ( 13. 8 p means there exists 
5 > such that for any < r < 5 and for the set 

W = {z <E E : d^\f(z),L g (z)) < ed 9 cc (g,z)} 

we have U v {B{g,r) \ W) < r v e v . If we take x G B(g,5(l - e)) n E and 
r = d?. c (g,x)/(l - e) then B(x,re) C B(g,r). It follows B(x,re) fllf ^ 0, 
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hence, we can choose z G B(x, re) fl E. By Theorem 11.81 we have d cc (x, z) = 
o(d cc (g,x)) = o(d 9 c (g,x)) and 

d£*\f(x), f{z)) = d cc (f(x), f(z)) + o(d cc (f(g), f(x))) 

= d cc (f(x)J(z)) + o(d 9 cc (g,x)), 

where all o(-) are uniform. Thus, we infer 

d£\L g (x),f(x)) 

< d^\L g (x),L g (z)) + d^\L g (z)J(z))+d^\f(z)J(x)) 

< d 9 cc (g, x) u + £ d cd9, z) + d cc (f(x), f(z)) + o(dU9, *)) 

< d 9 cc (g, x) + e d 9 cc (g, x) + e d 9 cc (x, z) + Kd cc (x, z) + o(d 9 cc (g, x)) 
<d 9 Jg,x)(uj(l)+e + (e + K + l)o(l)) 

where all o(-) are uniform. □ 

Remark 3.14. If we prove that the mapping L g is the approximate dif- 
ferential of / then from Lemma 13.131 it follows that the Lipschitz mapping 
is differentiable almost everywhere since the claims of Lemmas 13. 3[ 13.61 13.121 
and 13. 131 hold almost everywhere in dom/. This gives us an alternative proof 
of Theorem 12.71 

Now we have all necessary tools to complete the proof of Theorem 13.21 

Proof of Theorem \3.2[ 1st step. In the conditions of Theorem 13.21 the 
claims of Lemmas 13. 3[ 13.61 and 13.121 hold. In particular A, = domapX,/ 
is a measurable set, j = 1, . . . , dimifi, / is approximately differentiable 
along the curves T k (g; t) at t = 0, k = 1, . . . , N almost everywhere in the set 

dim Hi 

A = A j and relations (JHZ1 and (JHD hold. 

If (13. 7p holds at the point g G A then, in view of structure of L g (13. 6p . 
estimate (13. 3 p implies 



— d cc (f(g),f(v)) 
ap hm — - 

v^g d cc (g,v) 

^ — d&\f(g), L g (v)) + d^\L g (v), f(v))) + o{d& 9 \L g (v), f(v))) 
< ap hm -g- r — '- i 

v->g dcc{g,v) 

N 

<C sup (Yl~5 f tk ig) ^d sub (for k )(g)) <oo. (3.10) 

d B cc(g,v)<l \ =1 ' 
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Hence, the left hand side of f)3.10p is finite almost everywhere in A. Applying 
Theorem 12. 9\ we obtain a countable family of measurable sets covering A up 
to the set of measure such that the restriction of / to each of them is a 
Lipschitz mapping. 

Let E be one set of this countable family and let L g : Q 9 fl Ai — > be 
defined at almost all points of E C A. To prove the theorem it remains to 
verify that L g is a homomorphism of the Lie groups. In particular, we need 
to prove that given two points u, v G Q 9 we have 

L g (u-v) = L g (u)-L g (v). (3.11) 

2nd step. Let g G E be a density point where (13.71) holds and suppose 
B cc {g,r g ) C Q 9 . Then given v G B cc (g,r g ), t G [-r g ,r g ] there exists v' t = 
v' t (g) G E, such that d 9 c (5fv,v' t ) = o(t). By Lemma 13. 13[ we have 

lim g(/K),L 3 K)) = nm g(/K),L 3 K)) = Q 

t->o £ t->o t 

Then, using Property 13.111 of the mapping L g , we derive 

d f ^\M),L g (5 9 t v)) < d f c ^\f(v' t ), L g (v' t )) + d f J; 9 \L g (v' t ), L g {5 9 t v)) 

= o(d 9 c ( gj v' t )) + o(d 9 Jg, 5?v)) = o(t) as t 0. 

Next, consider two points w, v G B cc (g,r g /2) and their product w ■ -0. If 
u = $ 9 (si, . . . , s^) and -0 = $ s (Vi, . . . , r^v) then define by induction 

«i(f)(0 = *!(**)(•); 

«*(*)(•) = $fc(^fc) o ttfc-! (*)(•), fc = 2, . . . , N; 
wi(t)(-) = $ 1 (*r 1 )(-); 

«fc(*)(0 = ° Ufc-i (*)(•)> = 2, . . . , JV. 

From the structure of functions and from Theorem 11.71 it follows 

d 9 cc (u N (t)(g),5?u) = o(t), 
d 9 c (v N (t)(g),6?v) = o(t), 

d g cc {v N (t) o u N (t)(g), 5?(u ■ v)) = o(t) as t -> 0. 

As long as (7 is a density point of i? we can find w' k (t), k = I, . . . , 2N, such 
that d 9 cc (u k (t)(g),w' k (t)) = o(t) and d 9 cc (v k (t)(u N (t)(g)),w' N+k (t)) = o(t) as 
t — > 0, k = 1, . . . , N. By the same arguments as above we conclude that 

d^\f(w' 2N (t)),L g (5f[u-v])) = o(t) ast^O. 
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All we need is to verify that 

d^\f(w' 2N (t)),L g (5?u) ■ L 9 (5?v)) = o{t) as t 0. (3.12) 

3rd step. To prove (I3.12p we assume % V (E) < oo and restrict the set 
E applying Egorov's and Luzin's theorems. 

Recall that the mapping x h-> ap d su bf o Tk(x) is defined in E, is measur- 
able. By Lemma [3. 131 we get 

lim^)(/ o $ fc (t)(z), 5/ (a,) ap tU(/ o r fc )(x)) = (3.13) 

for every density point x 6 as t — )■ 0, $k(t)(x) G -E. 

First, by Luzin's theorem there is a closed set E\ C E such that % V (E \ 
E x ) < e/3 and 

(a) all the mappings x i— >■ apd su &/ o r^ar) are uniformly continuous in i*^, 
fc = l,...,iV. 

Next, by Egorov's theorem there is a measurable set E 2 C -Ei such that 
W{E X \ E 2 ) < e/3 and 

(b) the limit (13.131) converges uniformly on E2, k = 1, . . . , N. 

Now we consider a family of measurable functions 

n v (B cc (x,t)\E) 



E 2 3 x — > ip t {x) 



U»(B cc (x,t)) 



We have that limi/j t (x) = at almost all points of x G E 2 . By Egorov's 
t-»-o 

theorem there exists a measurable set E 3 C £2 such that 7i u (E 2 \ E 3 ) < e/3 
and the limit 

(c) lim^tfx) = is uniform in E3. 

t->o 

Property (c) allows us to repeat the arguments of the 2nd step with all 
o(-) uniform in E 3 . Therefore, if x G E 3 we have 

(/K(t)(aO), *£° a P r i)(^)) = o(t), 

dti?\f(w> N+1 (t)(w> N (tMx)l 
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as t — > 0, k = 2, . . . , N and all o(-) are uniform with respect to x G E 3 . 
Here the coefficients and are defined from f !3.6p for the points u and v 
respectively. Then, by properties (a) and (b) the relation 

N N 

(f(w' m (t)(x)), J] 6{%> ap d sub (f o T k )(x) ■ J] 6£Z> ap d sub (f ° r*)(aO) 

k=l k=l 

= d^(f(w' 2N (t)(x)),S{ {x) L x (u) ■ 6™L x (v)) = o{t) 

is uniform with respect to x G E 3 . Finally, 

td^\L x (u-v),L x (u)-L x (v)) 

= d£») #«L.(u • v), 5 f t ^L x (u) ■ 6™L w (v)) 
<d^(5{ {x) L x (u.v),f(w' 2N (t)(x))) 
+ d f J: x) {f(w' 2N (t)(x)), 5 f t {x) L x {u) ■ 5 f t {x) L x {v)) = o(t) 

and (I3.10P is proved for i 6 E 3 . Since e is an arbitrary positive number, the 
Theorem is proved. □ 



4 Application: an area formula 

, N v 

Suppose that x = expf XiX-i j (g). Define a quantity 

dim Hi i dim Ho 1 

= max{( ^ \ x i?Y ^ ( 



Fil ; 

j=l j=dimi?i+l 

AT _j_ 

( V |* 3 f)™}. (4.1) 

j=dim_H" A/ _i+l 

It is easy to see that d p is locally equivalent to d^. Since we have already 
proved that doo and d cc are locally equivalent, the following statement also 
holds. 

Proposition 4.1. Let g G M. There is a compact neighborhood U(g) C Ai 
such that 

cid cc {u,v) < d p (u,v) < c 2 d cc (u,v) 

for all u, v in U(g), where constants < c\ < c 2 < oo independent of u, 
veU(g). 
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Corollary 4.2. Quantity d p is a quasimetric. 

Denote an open ball in the quasimetric d p of raduis r with center in x as 
Box p (x,r). Define the (spherical) Hausdorff measure of a set E with respect 
to metric d p as 

U%E) = £ lim infj^rf : E C (J Box p (x i; n), r t < ej. 

i i 

Since Ball-Box theorem holds, Hausdorff measures constructed with re- 
spect to d cc and with respect to d p are absolutely continuous one with respect 
to another. We have 

dW p {x) = V PtCC {x) dH v Jx), x G M, 

where T> P;CC : M. — > (0, oo] is absolutely continuous and strictly positive. So, 
we could equally obtain our results for d p . 

For Lipschitz mappings of Carnot-Caratheodory mappings the following 
area formula holds. 

Theorem 4.3 QK3J). Suppose E C M. is a measurable set, and the mapping 
ip : E —¥ M. is Lipschitz with respect to sub-Riemannian quasimetrics d p and 
d p . Then the area formula 

J f(x)j SR ( v ,x)du;(x)= J f( x ) d K(y) ( 4 - 2 ) 

e V (E) v-xe^iy) 

holds, where f : F — > M (here M is an arbitrary Banach space) is such that 
function f(x)<J SR (ip,x) is integrable, and 

J SR ((p,x) = v/det(LV(x)*LV(x)) (4.3) 

is the sub-Riemannian Jacobian of (p at x. 

As an immediate corollary of 14.31 and 13.21 we obtain the following result. 

Theorem 4.4. Suppose E C M. is a measurable set, and the mapping (p : 
E — > M. is approximately differentiable almost everywhere. Then the area 
formula 
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holds, where f : F — >■ M (Tiere M zs an arbitrary Banach space) is such that 
function f(x) ap J (<p,x) is integrable, "H^(E) = and 

apJ SR ((p,x) = A/det(ap D(p(x)* ap Dip(x)) 
is the approximate sub-Riemannian Jacobian of if at x. 
Proof. By Theorem 13.21 there is a sequence of disjoint sets S, Ex,E2,... 

oo 

such that E = EU (J Ei, T-L v (Ti) = and every restriction ifl^ is a Lipschitz 

i=l 

mapping. Then, by Theorem I4.3[ we have 

» oo „ 

J f(x)apJ SR (^x)dU;(x) = Y, J f{x)J SR { V ,x)dU v p {x) 



E 




□ 
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